We present the first experimental demonstration over a 43-km-long urban fiber network of a local two-way optical frequency comparison, which does not require any synchronization of the measurements. It was combined with a regular active-noise compensation on another parallel fiber leading to a very reliable and robust frequency transfer. This hybrid scheme enables us to investigate the major limiting factors of the local two-way comparison. We analyze the contribution to the phase noise of the recovered signal by the interferometers at local and remote places. By using the ability of this set up to be injected by a single laser or two independent lasers, we measure the contribution to the long-term instability by the demodulated laser instabilities. We show that a fractional frequency instability level of 1 ×
Introduction
The technique of phase-compensated optical fiber links has been developed rapidly over the last decade enabling transfer and comparison of optical frequency over continental scales exceeding 1000 kilometers [1−4] . Clock frequency comparison by optical fiber is not only useful for time-frequency metrology, but it also provides a powerful experimental tool for many applications, such as test of variation of fundamental constants, relativistic geodesy, and dark matter search [2, 5] .
The optical frequency transfer by the method of active noise cancellation (ANC) [6] has wide applications, such as remote high-resolution and accurate spectroscopy [7−9] , very long baseline interferometry [10] , and remote narrow-linewidth light source [8, 11, 12] . However, if only comparison of optical frequency is needed, the recently-proposed two-way method [13−15] is a good alternative with the advantage of simplified experimental apparatus without active components. In this method, the fiber noise is eliminated from the frequency comparison signal by post-processing the data obtained synchronously at both sites in the same way as for two-way satellite time and frequency transfer [16] .
The two-way optical phase comparison was first introduced in [13] , where a Sagnac interferometer configuration was used to compare ultra-stable lasers through 47-km-long fiber link.
This was further investigated in [14, 15] with a novel scheme of local two-way (LTW) comparison, where the fiber noise can be suppressed in real-time, by using measurements from one link end only, either at the local side or the remote side. Firstly introduced for a uni-directional configuration using a pair of parallel fiber over an urban network [14] , it was presented then for a fully bi-directional configuration over 25-km fiber spool [15] . The LTW method has advantages compared to the conventional two-way (CTW) method. First, since only local measurement data are used, we avoid the need for the synchronization of the measurements between the local site and the remote site to remove the fiber noise; and a real-time frequency comparison is possible. Second, the results of the two LTW can be compared and cross-checked in post-processing, and the CTW observable can be formed. It allows us to perform several self-consistency check on the signals provided by redundant detection, which matters for the diagnosis of cycle-slips and the discrimination of their origin. Note that the results reported in [13−15] were proof-of-principle experiments with both fiber ends located at the same laboratory (the local site and the remote one are at the same place), and the two lasers to be compared were actually the same laser.
In this report, we present our experimental work on a fiber link of 2×43 km connecting SYRTE (Système de Références Temps-Espace) to LPL (Laboratoire de Physique des Lasers) through a dedicated pair of fibers over an urban area. In the frame of the forthcoming optical clock comparison to be accomplished between the National Physical Laboratory (NPL) in the UK and SYRTE in France, we were seeking for a robust scheme with ultimate stability and accuracy [17, 18] .
We investigated on that purpose a hybrid architecture, using active compensation on one of the fiber and using local two-way setup on the second one [19] . We are reporting here the first experimental result of optical frequency comparison by LTW on an installed fiber network and in a realistic implementation, to our knowledge. We investigate the impact of ultra-stable laser instability on the fiber link noise floor by using two independent laser sources for the LTW comparison. The limiting factors of the frequency comparison capability of LTW have been rigorously investigated, and their contribution to the relative frequency instabilities are presented and discussed. Finally, we discuss the accuracy of the frequency transfer and show that the hybrid setup allows optical clock comparison to 1 × 10 −20 level.
Schematic overview of experimental methods for optical frequency comparison
The experimental scheme we implement for optical frequency transfer and comparison is shown in Fig. 1 . The experiments were performed using a pair of 43-km-long dedicated fiber from the urban network [20−22] , which links SYRTE and LPL, two laboratories in the urban area of Paris. The two fibers are denoted by fiber-1 and fiber-2. On fiber-1 we built a regular setup using active noise compensation (ANC) of the fiber noise. On fiber-2 we built a local two-way setup as introduced in [15] . We used two independent ultra-stable lasers operated at 1.5 micron, with a sub-Hz linewidth, and a typical frequency drift of about 1 Hz/s. We used a fiber interferometric setup, splitting Laser1 light into two branches, and followed by optical couplers in order to implement Michelson-like interferometers. The interferometric setup at SYRTE was realized with spliced components and placed in an aluminum box, surrounded by thick thermal insulator foam. At the output of the coupler, we set up the fiber pigtailed acousto-optic modulator (AOM1) to feedback for the compensation of the noise. The light was then injected into the long-haul dedicated fiber connecting the two laboratories.
The light at the remote end was frequency-shifted by the AOM2 (constant shift), and part of this light was reflected back by the Faraday mirror FM2. The fiber noise ( N1 φ ) was measured after a round trip with a photodiode PD1 by the beat note between the round-trip signal and the light reflected by the Faraday mirror FM1 at SYRTE. The beat signal was tracked and processed to actively compensate the fiber noise by acting on the carrier frequency of the acousto-optic modulator AOM1. It can be shown that the local optical phase ( 1 φ ) at FM1 is copied to the remote Faraday mirror FM2 with this ANC set-up as described in Appendix. These two points are shown in Fig. 1 as blue filled circles. For the local interferometric setup at SYRTE, the sensitivity of the differential optical phase to temperature, as defined in [15] , was measured to be 7 fs/K. The frequency transfer performance on this link was reported in [20−22] .
In order to check the relative frequency stability and accuracy of the ANC setup, we cascaded the two 43-km fibers and formed an 86-km-long fiber loop as described in [20−22] . The frequency of the beat-note signal between the local laser and the round-trip one was measured simultaneously by two dead-time-free counters [23] (one in Π−type and the other in Λ−type [24] ) with a gate time of 1 s.
There was no cycle slip in the frequency data during the total measurement time of 66 691 s. The fractional frequency instabilities of ANC transfer method in terms of Allan deviation [24] deviation divided by the length of the consecutive segment in case of white phase noise [14, 28] ). This shows the reliability of this uncertainty value. Accordingly, it can be concluded that the optical phase of the local laser has been transferred to the 86-km link output end with an accuracy < 2 × 10 −20 with ANC method and that no frequency bias has been observed within the statistical uncertainty of the data set.
In the hybrid frequency comparison setup in Fig.1 , part of the light reaching the remote light was extracted and re-injected into the second fiber connecting the two laboratories. The second part of the setup is depicted on the lower part of Fig.1 . On each of the two sides there was an optical coupler realizing a strongly unbalanced Michelson interferometer and an AOM used to apply a constant frequency shift to the laser light. A polarization controller and Faraday mirrors were used so that the beat note signals on PD3 and PD4 were optimized. A bi-directional erbium-doped fiber amplifier (b-EDFA) was used at the remote site to compensate for the transmission loss of Laser1. As described in [15] , two signals were generated in each photodiode; one for the frequency difference between the local laser and the laser transmitted from the remote site, and the other for the fiber noise measurement. The fiber noise N2 φ could be measured at the local PD4 by using the round-trip signal of the local laser, if N2 φ was assumed to be the same in both up-link and down-link transmission.
Alternatively, N2 φ could also be measured at the remote PD3 by using the round-trip signal of the remote laser in the same way. Detailed description of the signal processing is given in next section.
The real local measurement (LM) of the frequency difference of the two lasers was made by a photodiode (PD5) at the local site to compare with the LTW measurement.
With CTW method, the fiber noise is not measured but eliminated from the frequency difference signal by combining the two beat-note signals recorded at each end sites on both local PD4 and remote PD3. As the effect of N2 φ has opposite signs in the two signals from PD3 and PD4, it can be eliminated by post-processing the two measurement data sets. The local data and the remote data should be measured synchronously [13] . Compared with CTW method, LTW method uses only the local measurement data, thus there is no need for data exchange between the local and the remote sites for a post-processing nor for synchronization of the data acquisition timing. However, noise rejection can be up to 4-times lower in the power spectral density in LTW since it is limited by the propagation time, which is 2 times more for the round-trip signal than for the CTW [15] . In addition, LTW is more sensitive to the fiber attenuation, since it requires a round-trip propagation in the same fiber, whereas CTW only requires one-way propagation.
In order to compare independent laser sources at the remote site, we used one fiber to transfer the ultra-stable laser light from SYRTE to LPL with an ANC setup as shown in Fig. 1 , and we used the LTW setup being injected with a second independent ultra-stable laser. In this way, we used the second fiber to perform the LTW comparison between two independent ultra-stable lasers. We performed also a second series of experiments with only one ultra-stable laser. In that case, the instabilities arising from the ultra-stable laser frequency fluctuations were largely rejected, and the interferometric noise could be studied with deeper insights. All frequencies were recorded with deadtime free frequency counters [23] .
Note that this hybrid configuration not only enables us to study the LTW performance but it is very convenient to transfer an ultra-stable laser signal to the remote site with a real-time evaluation of the transfer accuracy and stability thanks to the LTW signal at remote site. Moreover, this performance can be further checked with the LTW at local site and CTW, thus showing that this hybrid fiber link design constitutes a very reliable technique for frequency transfer. 
Local two-way experiment
It is noted in Eq. (3) that CTW φ measurement requires a synchronized data set measured at both the local and the remote sites [13] .
To test the performance of the LTW method, the should be zero in the limit of a perfect fiber noise rejection and a perfect experimental setup. The fiber noise rejection is limited by the propagation delay, inducing a small difference between the forward and backward propagation noise [6, 15] . Other effects, such as Sagnac effect or polarization effects can also limit the fiber noise rejection, which is effective only for the fluctuations that are equal for the forward and backward propagation. The measured phase evolution of LM local LTW φ φ − in 100 000 s is shown in Fig. 3(a) as a thick black line. This phase evolution is attributed to three major contributions, which will be described below.
It can be easily shown that, with this ANC set-up, any linear laser drift is corrected by the action of the phase-locked loop (PLL) and thus the transferred remote phase is copying the local phase 1 φ as if there was no time delay due to the propagation (see Appendix). However, in the case of LTW, the drift of the frequency difference between the two lasers affects the phase of 
where ) (t ) ( )
in the local interferometer and is given by
where γ is a phase-temperature coefficient of silica fiber, which has a value of 37 fs/(K·m) for an optical carrier at 194.4 THz and at 298 K [15] , and
is the temperature of the local interferometer. This contribution cancels out if The fractional frequency instabilities in terms of Allan deviations in Fig. 3(b) were obtained using these phase evolution data. In Fig. 3(c) 
LTW with no remote length-mismatch using a partial Faraday mirror
In this section, we implement a scheme which automatically suppresses the length mismatch at the remote site. The experimental setup for this section is shown in Fig. 4 . We insert a partial Faraday mirror (p-FM) at the remote setup, which enables a perfect match of the fiber length in the remote interferometer. When the setup in Fig. 4 is compared with that in Fig. 1 , it can be seen that the action of the p-FM is equivalent to overlapping the two remote Faraday mirrors in Fig. 1 . Thus, remote L δ is zero in this case, and the phase evolution is expected to be given by the remaining two phase error sources; drift φ and local φ .
The measured phase evolution of Fig. 5(d) . The result was free from the remote temperature fluctuation when we see the temperature data in Fig. 5(e) . The phase evolution due to local φ was less than 0.2 rad because the temperature variation of the local interferometer was relatively small. The phase evolution of [25−27] ). It should be noted that this relatively large uncertainty was due to the short averaging time.
Before we conclude, we introduce one more useful information that can be derived using the hybrid fiber link demonstrated in this article: the expected performance of a uni-directional two-way [14] , where two separate fiber are used for uplink and downlink, can be estimated, which is shown in Fig. 6 . This was obtained by comparing the fiber noise in fiber-1 with ANC setup and that in fiber-2 with LTW setup. One can see that the frequency comparison at the level of 7 × 10 −18 at 10 000 s would be possible with uni-directional two-way measurement. The accuracy of the frequency comparison was estimated by using the Λ−type frequency data, and found to be to be 1.0 × 10 −17 with a statistical uncertainty of 1.8 × 10
. This is a confirmation of the experimental data reported in [14] .
Strikingly, it shows that atomic fountains can be compared in real time with such a link configuration at mid-range. This can give a convenient option when the bi-directional propagation is not available, or when a trade-off between performance and cost has to be made.
Conclusions
We showed the experimental result of a local two-way optical frequency comparison over a 43-kmlong urban fiber network using two independent lasers at each of the local and the remote site. The It is noted that this is the first time that the laser instability contribution is evidenced experimentally.
We also introduced a simple scheme of LTW with no length mismatch at the remote site by using a partial Faraday mirror. We showed in this article that hybrid scheme can provide very useful information on fundamental limits of optical fiber links, and therefore enhance the transfer capabilities and the self-diagnosis abilities.
Appendix
In this section, we derive Eq. (4) that describes the phase error in LTW experiment due to the drift of the frequency difference between the two lasers. Let us assume that
are the frequencies of the remote laser and the local laser, respectively, at the entrance of respective interferometer at time t , and the frequencies of AOM3 and AOM4 in Fig. 1 are 3 f and 4 f , respectively.
τ is the time delay of the light propagation between the local and the remote site. Three optical signals which enter PD4 are from the remote laser, the local laser, and the round-tripped local laser, whose frequencies are given by
ν , and
We will first show that the remote frequency is equal to the laser frequency at the same time, with no delay, due to the ANC. For the sake of simplicity, we suppose that the fiber noise is negligible. In that case, the phase at remote end of fiber-1 is
is the correction applied at link input end. For ergodic and stationary processes this correction is given by
In first order approximation, we have correspond to each case of (a) ~ (c), respectively, when the same laser was used at both sites. 
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